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Abstract. Using Lie symmetry methods for differential equations we have investigated
the symmetries of a Lagrangian for a plane symmetric static spacetime. Perturbing this
Lagrangian we explore its approximate symmetries. It has a non-trivial first-order ap-
proximate symmetry.
1. Introduction
The problem of defining energy (or mass) in general relativity arises from the fact that
arbitrary spacetimes can be non-static (or even non-stationary) and hence global (or even
local) energy conservation may be lost. For static spacetimes there exists a timelike
isometry or Killing Vector (KV) [1], which can be used to define the energy, E, of a
test-particle by E = k · p, where k is the timelike KV and p is the momentum 4-vector
of the test-particle. Further, energy conservation in the spacetime is guaranteed in the
frame using k to define the time direction. However if there does not exist a timelike KV,
energy is not conserved and hence the energy of a test particle cannot be defined. Since
gravitational waves must be given by non-static spacetimes, the problem of defining the
energy content of gravitational waves is particularly severe.
Minkowski spacetime is maximally symmetric having 10 KVs which form the Poincare´,
algebra so(1, 3) ⊕s IR
4, where ⊕s denotes a semi direct sum (the algebra is denoted
by so(1, 3) ⊕s IR
4 while the group is denoted by SO(1, 3) ⊕s IR
4) [1]. The generators
of this algebra give conservation laws for energy, spin angular momentum and linear
momentum [2]. Going to the Schwarzschild and Reissnor-Nordstro¨m spacetimes we lose
linear and spin angular momentum conservation while in the Kerr spacetime we lose two
more conservation laws [1]. Approximate symmetries for differential equations (DEs) have
been used to recover these lost conservation laws [3, 4].
Different people have tried to define “approximate symmetry” [5, 6, 7, 8, 9], in which
the broken time-translation symmetry provides information about the energy content of
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the gravitational wave spacetimes, but none of them have been unequivocally successful.
Nevertheless, this approach of a slightly broken symmetry seems promising.
It was proposed [4] that the concept of “approximate symmetry” of DEs [10] could be
extended and adapted for the purpose of defining energy in gravitational waves by using
the connection found between isometries and symmetries of DEs through the geodesic
equations [11, 12]. In this paper we will use this concept of approximate symmetries of
DEs to look for a resolution of the problem of energy in gravitational wave spacetimes.
The plan of the paper is as follows. In the next section we briefly review the definitions
of symmetries and approximate symmetries of a Lagrangian. In section 3 symmetries
of a Lagrangian for plane symmetric static spacetime and approximate symmetries of
a perturbed Lagrangian for a plane symmetric gravitational waves like spacetime are
discussed. Finally a summary and discussion is given in section 4.
2. Symmetries and approximate symmetries of a La-
grangian
Noether’s theorem [13] relates the constants of motion of a given Lagrangian system to its
symmetry transformation [10, 14]. Symmetry generators of a Lagrangian of a manifold
form a Lie algebra [15] and from the geometric point of view symmetries of a manifold
are characterized by its KVs, which always form a finite dimensional Lie algebra [16].
In general a manifold may not possess an exact symmetry but may approximately do so.
It would be of interest to look at the approximate symmetries of the manifold. They
form an approximate Lie algebra [17]. Methods for obtaining exact and approximate
symmetries of a Lagrangian are available in the literature [10, 18, 19].
Symmetries of a Lagrangian, also known as Noether symmetries, are defined as follows.
Consider a vector field [10]
X = ξ(s, xi)∂/∂s + ηj(s, xi)∂/∂xj (i, j = 0, ..., 3). (1)
Its first prolongation is
X[1] = X+ (ηj,s + η
j
,ix
i′ − ξ,sx
j′ − ξ,ix
i′xj′)∂/∂xj′, (2)
where “′” denote differentiation with respect to s. Now consider a set of second-order
ordinary differential equations
xi′′ = g(s, xi, xi′), (3)
which has a Lagrangian L(s, xi, xi′). Then X is a Noether point symmetry of the La-
grangian L(s, xi, xi′) if there exists a function A(s, xi) such that
X[1]L+ (Dsξ)L = DsA, (4)
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where
Ds = ∂/∂s + x
i′∂/∂xi. (5)
For more general considerations see [10].
First-order approximate symmetries of the Lagrangian are defined as follows [19]. For a
first-order perturbed system of equations, E = E0 + ǫE1 = O(ǫ
2) corresponding to the
first-order perturbed Lagrangian, L(s, xi, xi′, ǫ) = L0(s, x
i, xi′)+ ǫL1(s, x
i, xi′)+O(ǫ2), the
functional
∫
V
Lds is invariant under the one parameter group of transformations with ap-
proximate Lie symmetry generator X = X0+ ǫX1 +O(ǫ
2) up to the gauge A = A0 + ǫA1,
where X
[1]
0 L0+(Dsξ0)L0 = DsA0 andX
[1]
1 L0+X
[1]
0 L1+(Dsξ1)L0+(Dsξ0)L1 = DsA1. Here
X0 is the exact symmetry generator and X1 the first-order approximate symmetry gener-
ator. The perturbed equations always have the trivial approximate symmetry generator
ǫX0 and X with X0 6= 0 6= X1 6= kX0, is called a non-trivial approximate symmetry.
3. Symmetries and approximate symmetries of a La-
grangian for a plane symmetric gravitational wave-
like spacetime
To try to find a resolution of the problem of definition of energy in gravitational wave
spacetimes, we consider a static spacetime and then perturb it time dependently (for defi-
niteness by ǫt) to make it slightly non-static. For this purpose we take a plane symmetric
static metric [20]
ds2 = e2ν(x)dt2 − dx2 − e2µ(x)(dy2 + dz2), (6)
with µ(x) = ν2(x) = (x/X)2, where X is a constant having the same dimensions as x.
The Lagrangian defined by minimizing the arc length in (6) is
L = e2x/X t˙2 − x˙2 − e2x
2/X2(y˙2 + z˙2), (7)
where “·” denotes differentiation with respect to the geodetic parameter s. Using (7) in
(4) we obtain a set of 19 determining PDEs for 6 unknown functions ξ, ηi (i = 0, ..., 3) and
A, where each of these is a function of the 5 variables s and xi. Solving these equations
we get the symmetry generators
X0 =
∂
∂t
, X1 =
∂
∂y
, X2 =
∂
∂z
, X3 = y
∂
∂z
− z
∂
∂y
, Y0 =
∂
∂s
, A = c, (8)
where c is a constant, X0 corresponds to energy conservation, X1 and X2 correspond to
linear momentum conservation along y and z, whileX3 corresponds to angular momentum
conservation in the yz plane.
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For the approximate symmetries of a Lagrangian for this plane symmetric gravitational
wave-like spacetime we consider ν(x) = 2(x/X + ǫt/T ) and µ(x) = 2(x2/X2 + ǫt/T ) in
the metric (6), where T is a constant having dimensions of t. Its first-order perturbed
Lagrangian is
L = e2x/X t˙2 − x˙2 − e2x
2/X2(y˙2 + z˙2) + 2ǫt[e2x/X t˙2 − e2x
2/X2(y˙2 + z˙2)]/T +O(ǫ2). (9)
Using the exact symmetry generators given by (8) and solving the system of determining
equations for approximate symmetries, we get the non-trivial approximate symmetry Xa,
along with the trivial symmetries, and the gauge function A1 is again a constant,
Xa = ∂/∂t − ǫ(t∂/∂t + y∂/∂y + z∂/∂z)/T. (10)
The physical meaning of this non-trivial approximate symmetry found here is worth ex-
ploring.
4. Summary and Discussion
We addressed the problem of energy in gravitational wave spacetimes. For this purpose we
first considered a plane symmetric static spacetime that has 4 KVs [20]. The Lagrangian
for this metric has an additional symmetry ∂/∂s. Since gravitational waves must be given
by non-static metrics, we perturbed the static metric here with a term ǫt and retained the
terms containing ǫ, neglecting its higher powers. For the Lagrangian of this perturbed
metric we found a non-trivial first-order approximate symmetry given by (10). The trivial
first-order approximate timelike Noether symmetry, for the perturbed Lagrangian (9), can
be interpreted to give the extent of energy non-conservation, and hence (possibly) the
energy content, in the gravitational wave-like spacetime. Since the stress-energy tensor is
non-zero [20], we need to consider the exact solution to understand how much energy is
in the field and how much in its interaction with matter.
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